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Abstract. We introduce the notion of biextensions of 1-motives over an ar- 
bitrary scheme S and we define bilinear morphisms between 1-motives as iso- 
morphism classes of such biextensions. If S is the spectrum of a field of charac- 
teristic 0, we check that these biextensions define bilinear morphisms between 
the realizations of 1-motives. Generalizing we obtain the notion of multilinear 
morphisms between 1-motives. 



Introduction 

Let S he a, scheme. A 1-motive M = {X, A, Y{1), G, u) over S consists of 

• an S'-group scheme X which is locally for the etale topology a constant 
group scheme defined by a finitely generated free Z -module, 

• an extension G of an abelian S'-scheme A by an S'-torus with cocha- 
racter group F, 

• a morphism u : A — > G of S'-group schemes. 

If S is the spectrum of the field C of complex numbers, in |D74] (10.1.3) Deligne 
proves that the category of 1-motives over S is equivalent through the functor 
"Hodge realization" M ^ Th(M) to the category of Q -mixed Hodge structures 
H, endowed with a torsion-free Z-lattice, of type {(0, 0), (—1, 0), (0, —1), (—1, — 1)}, 
and with the quotient Gr^]^(H) polarizable. In the category A4HS of mixed Hodge 
structures there is an obvious notion of tensor product. If Mi (for i ~ 1, . . . ,n) 
and M are 1-motives defined over C, the group }iomMnsi'S^i=i'^H{Mi), T}i{M)) is 
hence defined. Our aim in this paper is to show that this group admits a purely 
algebraic interpretation. More precisely, if Mi (for i = l,...,n) and M are 1- 
motives defined over an arbitrary scheme S, using biextensions we define a group 

Hom(Mi, . . . , M„;M) 

of multilinear morphisms from Mi x . . . x Mn to M, which for S = Spec (C) can 
be identified with the group HomA<w<;(®^^iTH(Mj), Th(M)). 

One hopes that for any field k, there is a Q -linear Tannakian category of mixed 
motives over k. The category of 1-motives over k, taken up to isogeny (i.e. tensoriz- 
ing the Hom-groups by Q), should be a subcategory, and our notion of multilinear 
morphisms between 1-motives should agree with the notion of multilinear mor- 
phisms in this Tannakian category. For 1-motives, we are able to define multilinear 
morphisms between 1-motives working integrally and over an arbitrary base scheme 
S and we check that if S is the spectrum of the field k of characteristic embed- 
dable in C, our definition agrees with the notion of multilinear morphisms in the 
integral version of the Tannakian category A4TZz{k) of mixed realizations over k 
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introduced by Jannscn in [J I 2.1. Our results might give some guidance as to 
what to hope for more general mixed motives. 

The idea of defining morphisms through biextensions goes back to Grothendieck, 
who defines £-adic pairings from biextensions (of. SGA7J Expose VIII): if P,Q,G 
are three abelian groups of a topos T, to each isomorphism class of biextensions 
of {P,Q) by G, he associates a pairing {i^P)n>o ® (i"Q)«>o ^ (i"G)„>o where 
ii^P)n>o (resp. (i"(5)n>0: (i"G)„>o) is the projective system constructed from the 
kernels i^P ( resp. i^Q , l'^G) of the multiplication by Z" for each n > 0. Let 
Ki — [Ai Bi] (for 1 = 1,2) be two complexes of abelian sheaves (over a topos 
T) concentrated in degree and -1. Generalizing Grothendieck's work, in [D74] 
(10.2.1) Deligne defines the notion of biextension of {Ki,K2) by an abelian sheaf. 
Applying this definition to two 1-motives Mi,M2 defined over C and to Gm, he 
associates, to each isomorphism class of such biextensions, a morphism from the 
tensor product of the Hodge realizations (resp. the De Rham realizations, resp. the 
£-adic realizations) of Mi and M2 to the Hodge realization (resp. the De Rham 
realization, resp. ^-adic realization) of G„i. 

Let Ki ~ [Ai Bi] (for i = 1,2, 3) be three complexes of abelian sheaves (over 
a topos T) concentrated in degree and -1. In this paper we define the notion of 
biextension of {Ki, K2) by K3 (see Definition ll.l.ip . In the special case where A3 = 
0, i.e. K3 ~ [0 — > B^l, our definition coincides with Deligne'one |D74| (10.2.1). 
Since we can view 1-motives as complexes of commutative S-group schemes con- 
centrated in degree and -1, applying our definition of biextension of complexes of 
abelian sheaves concentrated in degree and -1 to 1-motives, we get the following 
notion of biextension of 1-motives by 1-motives: 

Definition 0.0.1. Let M, = [X, G,] (for i = 1,2,3) be a 1-motive over a 
scheme S. A biextension {B, VPi, 5*2, A) of (Afi, ^^2) by M3 consists of 

(1) a biextension of B of (Gi, G2) by G3; 

(2) a trivialization (resp. ^'2) of the biextension (ui,idG2)*B of (Xi,G2) 
by G3 (resp. of the biextension (irfci 7 U2)*B of (Gi, X2) by G3) obtained as 
pull-back of B via (ui, idc^) (resp. via (idci, ^2))- These two trivializations 

and 4" 2 have to coincide over {Xi,X2), i.e. 

{ui,idxj*'^2 = * = (irfXi,U2)**l 

with ^ a trivialization of the biextension {ui,U2)*B of {Xi,X2) by G3 
obtained as pull-back via (ui, U2) of the biextension B; 

(3) a morphism A : Xi ® X2 — > X^ of S'-group schemes such that M3 o A : 
Xi (g) X2 G3 is compatible with the trivialization ^E* of the biextension 
iui,U2rBof iXi,X2) by G3. 

We denote by Biext^Mi, M2; M3) the group of isomorphism classes of biexten- 
sions of (Ml, M2) by M3. 

Definition 0.0.2. Let Mi (for i = 1,2,3) be a 1-motive over S. A morphism 

Ml (g) M2 — > M3 

from the tensor product of Mi and M2 to the 1-motive M3 is an isomorphism class 
of biextensions of (Mi,M2) by M3. Moreover, to Mi,M2 and M3 we associate a 
group Hom(Afi, M2; M3) defined in the following way: 

Hom(Mi,M2;M3) := Biext^(Mi, M2; M3), 
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i.e. Hom(Afi, M2; M3) is the group of bilinear morphisms from Mi x M2 to M3. 

Observe that the tensor product Mi(8)-M2 of two 1-motives is not defined yet, and 
that according to the compatibility between the tensor product of motives and the 
weight fihration of motives, such a tensor product Mi ® M2 is no longer a 1-motive. 
But since morphisms of motives have to respect the weight filtration W* , the only 
non trivial components of the morphism Mi ® M2 ~* M^ are the components of 
the morphism from the 1-motive underlying the quotient Mi ® Af2/W_3(Mi ®M2) 
to the 1-motive M3. Therefore for our goal only the 1-motive underlying Mi (g) 
M2/W_3(Mi ® M2) is involved. We construct explicitly this 1-motive in section 2. 

Imposing the fact that morphisms of motives have to respect the weight filtration 
W*, if Mi (for i = 1, . . . , n) and AI are 1-motives over 5*, we describe the group 

Hom(Mi, . . .,Mn;M) 

of multilinear morphisms from Mi x . . . x Af„ to M always in terms of biextensions 
of 1-motives by 1-motives (Theorem 13. 1.41) . 

We finish studying the cases in which we can describe the group of isomorphism 
classes of biextensions of 1-motives as a group of bilinear morphisms in an appro- 
priate category: 

• If S' = Spec (C), the group of isomorphism classes of biextensions of (Mi, M2) 
by M3 is isomorphic to the group of morphisms (of the category MHS of 
mixed Hodge structures) from the tensor product Th(Mi) (g)TH(M2) of the 
Hodge realizations of Mi and M2 to the Hodge realization Th(M3) of M3: 

(0.0.1) Hom(Mi,M2;M3) ^ Hom^^5(TH(Mi) ® TH(Af2), TH(Af3)). 

• If S" is the spectrum of a field k of characteristic embeddable in C, modulo 
isogenics the group of isomorphism classes of biextensions of {Mi,M2) by 
Af3 is isomorphic to the group of morphisms of the category M-TZz{k) of 
mixed realizations over k with integral structure (integral version of the 
Tannakian category of mixed realizations over k introduced by Jannsen 
in [j] I 2.1) from the tensor product T{Mi) (g) T(A'f2) of the realizations of 
Ml and Af2 to the reahzation TiM^) of M3: 

(0.0.2) Hom(Afi, A//2; Af3) » Q = RomMn^ik) {TiMi) ® T(A//2), T(A/3)) • 

In other words, following Deligne's philosophy of motives described in [D89| 
1.11, the notion of biextensions of 1-motives by 1-motives that we have in- 
troduced furnishes the geometrical origin of the morphisms of M-TZi{k) 
from the tensor product of the realizations of two 1-motives to the realiza- 
tion of another 1-motive, which are therefore motivic morphisms. 

We expect to have a description of biextensions of 1-motives by 1-motives as 
bilinear morphisms also in the following categories: 

• If S* is a scheme of finite type over C, we expect to generalize (jO.O.ip finding 
a description of the group Hom(Afi, Af2; M3) in terms of bilinear morphisms 
of an appropriate subcategory of the category of variations of mixed Hodge 
structures. 

• If S' is a scheme of finite type over Q, we expect to generalize (|0.0.2p getting 
a description of the group Hom(Afi, Af2; -^3) (g) Q as a group of bilinear 
morphisms in the Tannakian category A4{S) of mixed realizations over S 
with integral structure introduced by Deligne in [D89| 1.21, 1.23 and 1.24. 
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Taking the inductive limit, it should be possible to generalize this last case 
to any scheme S of characteristic 0. 
• If 5 is the spectrum of a perfect field k, we expect to get a description 
of the group Hom(Mi, M2; M3) (3 Q in terms of bilinear morphisms of the 
Voevodsky triangulated category DMg^(fc) of effective geometrical motives, 
using the Orgogozo- Voevodsky functor from the derived category of the 
category of 1-motives up to isogeny to the category DMg^(A:) (8)Q (see [OI). 
Seeing biextensions as multilinear morphisms was already used in the computa- 
tion of the unipotent radical of the Lie algebra of the motivic Galois group of a 
1-motive defined over a field k of characteristic 0. In fact in [B03| (1.3.1), using 
Deligne's definition of biextension of 1-motives by Gm, we defined a morphism from 
the tensor product Mi M2 of two 1-motives to a torus as an isomorphism class 
of biextensions of (Mi, M2) by this torus. 

Remark that the results obtained in |B08| . in particular Theorem A, Theorem 
B and Theorem C, mean that biextensions respect the weight filtration W* of 
motives, i.e. they satisfy the main property of morphisms of motives. 

Acknowledgment 

Je tiens a remercier Pierre Deligne pour ses commentaires a propos de ce tra- 
vail. Ich bedanke mich bei Uwe Jannsen fiir die sehr interessante und motivierende 
Diskussionen, die wir wahrend meines Besuches in Regensburg gefiihrt haben. 

Notation 

In this paper 5 is a scheme. 

Because of the similar behavior of the different cohomology theories, it is ex- 
pected that motives satisfy the following basic properties: 

(1) The weight filtration W*: each motive M is endowed with an increasing 
filtration W*, called the weight filtration. A motive M is said to be pure 
of weight i if Wi{M) — M and Wi_i(M) = 0. Motives which are not pure 
are called mixed motives. This weight filtration W, is strictly compatible 
with any morphism f : M —>■ N between motives, i.e. 

/(M)nW,(A) = /(W,(M)). 

In terms of pure motives, if M is pure of weight m and N is pure of weight 
n, the group of homomorphisms IIom(M, N) is trivial if m ^ n. 

(2) The tensor product: there exists the tensor product M (E> N oi two motives 
M and N. This tensor product is compatible with the weight filtration W*, 
i.e. 

W„ (M ® A) = W, (M) (A) . 

i-\-j—n 

In terms of pure motives, if M is pure of weight m and A is pure of weight 
n then M ® A is a pure motif of weight m n. 

It is not yet clear if these properties, which are clearly expected to be truth for 
motives defined over a field, are satisfied also by motives defined over an arbitrary 
scheme S. 

If P, Q are 5-group schemes, we denote by Pq the fibred product P xg Q oi P 
and Q over S. 



MULTILINEAR MORPHISMS 



5 



Let P, Q and G be commutative S'-group schemes. A biextension of (P, Q) 
by G is a Gp xQ-torsor B, endowed with a structure of commutative extension 
of Qp by Gp and a structure of commutative extension of Pq by Gq, which are 
compatible one with another (for the definition of compatible extensions see [SGA7] 
Expose VII Definition 2.1). 

An abelian S'-scheme A is an S-group scheme which is smooth, proper over S 
and with connected fibres. An S'-torus Y{1) is an S'-group scheme which is locally 
isomorphic for the fpqc topology (equivalently for the etale topology) to an S'-group 
scheme of the kind GJ^ (with r an integer bigger or equal to 0). The character 
group = IIom(y(l), Gm) and the cocharacter group Y = Hom (G„,, Y(l)) 
of an S-torus 1^(1) are S'-group schemes which arc locally for the etale topology 
constant group schemes defined by finitely generated free Z-modules. 

A 1-motivc AI = {X, A,Y{l),G,u) can be viewed also as a complex [X — ^ G] 
of commutative S- group schemes concentrated in degree and -1. A morphism 
of 1-motives is a morphism of complexes of commutative S-group schemes. An 
isogeny between two 1-motives Mi = [Xi — > Gi] and M2 — [X2 — > G2] is a 
morphism of complexes {fx, fa) such that fx ■ Xi X2 is injective with finite 
cokernel, and fa ■ Gi G2 is surjective with finite kernel. The weight filtration 
W» on M = [X ^ G] is 

W^{M) = M for each i > 0, 
W_i(M) = [0 — >G], 

W_2(Af) = [o^r(i)], 

Wj(Af) = for each j < -3. 

Defining Grf = W,/W,+i, we have Gr^(Af) ^ [X ^ 0], Gr^i(Af) ^ [0 ^ A] and 
Gr^2(A^) = [0 Y{1)]. Hence locally constant group schemes, abelian schemes and 
tori are the pure 1-motives underlying M of weights 0,-1,-2 respectively. Moreover 
for 1-motives the weight filtration W* is defined over Z. This means the following 
thing: first recall that a mixed Hodge structure (Hz,W,,F*) consists of a finitely 
generated Z- module Hz, an increasing filtration W^, (the weight filtration) on Hz (X> 
Q, a decreasing filtration F* (the Hodge filtration) on Hz C, and some axioms 
relating these two filtrations. In the case of 1-motives defined over C, the weight 
filtration VF, of the corresponding mixed Hodge structure (see |D74| 10.1.3) is 
defined on Hz, and so we say that the weight filtration W, is defined over Z. 

There is a more symmetrical definition of 1-motives: Consider the 7-tuple {X, F^, 
A, A* ,v,v* where 

• X and are two S'-group schemes which are locally for the etale topology 
constant group schemes defined by finitely generated free Z-modules. We 
have to think at X and at as character groups of S'-tori that we write 
X^(l) and Y{1) and whose cocharacter groups are and Y respectively; 

• A is an abelian S'-scheme and A* is the dual abelian S'-scheme of A (see 
|Mu65j Chapter 6 §1); 

• V : X ^ A and v* : Y'^ A* are two morphisms of S-group schemes; and 

• "0 is a trivialization of the pull-back {v,v*)*'Pa via {v,v*) of the Poincare 
biextension Pa of {A, A*) by Z(l). 

According to Proposition |D74| (10.2.14) to have the data {X,Y'^ , A, A* ,v,v* ^ip) 
is equivalent to have the 1-motive M — [X-^G], where G is an extension of the 
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abelian S'-scheme A by the S'-torus Y{1). With these notations the Cartier dual 
of M = {X,Y'^,A,A*,v,v*,ip) is the 1-motive M = {V^ , X, A* , A,v* ,v,Tp o sym) 
where sym : X x Y"^ Y"^ x X is the morphism which permutes the factors. 
The puU-back {v,v*)*Pa by {v,v*) of the Poincare biextension Va of {A, A*) is 
a biextension of (X, F^) by Gm- According [SGA3j Expose X Corollary 4.5, we 
can suppose that the character group is z*^ (if necessary we localize over S 
for the etale topology). Moreover since by [SGA7j Expose VII (2.4.2) the category 
Biext is additive in each variable, we have the equivalence of categories 

Biext(A:, r^; G„0 = Biext(X, Z; Y{1)). 

We denote by {{v, v*)*Pa) Y the biextension of {X, Z) by Y{1) corresponding to 
the biextension {v, v*)*Va through this equivalence of categories. The trivialization 
^ of (w, v*)*Va defines a triviahzation ®Y oi {{v, v*)*'Pa) ® Y, and vice versa. 

1. BlEXTENSIONS OF 1-MOTIVES 

1.1. The category of biextensions of 1-motives by 1-motives. Let Ki = 

[Ai Bi] (for i — 1,2,3) be a complex of abelian sheaves (over any topos T) 
concentrated in degree and -1. 

Definition 1.1.1. A biextension (i3, ^'i, \E'2, A) of {Ki,K2) by consists of 

(1) a biextension of B of {Bi,B2) by -B3; 

(2) a trivialization '^i (resp. ^'2) of the biextension {ui^idB^YB of {Ai,B2) 
by B^ (resp. of the biextension {idBi,U2)*B of (^1,^2) by ^3) obtained 
as pull-back of B via (ui, zdsa) ■ Ai x B2 ^ Bi x B2 (resp. via (idsi , U2) ■ 
Bi X A2 ^ Bi X B2 ). These two trivializations have to coincide over 
(^1,^2); 

(3) a morphism A : yli ® A2 ^ A3 such that the composite A11S1A2 A^ 

B^ is compatible with the restriction over (^1,^2) of the trivializations ^'i 
and ^'2- 

Let K, = [A, B,] and K'^ = [A'^ B[] (for i = 1,2,3) be a complex of 
abelian sheaves concentrated in degree and -1. Let {B, '^i, ^2^ A) be a biextension 
of (ifi, X2) by Ks, and let [B' , *2, A') be a biextension of iK[, K!^) by K'^. 

Definition 1.1.2. A morphism of biextensions 

(Z,Ti, 12,53) : (S,vI'i,*2,A) {B',^[,%,\') 

consists of 

(1) a morphism F_ = {F, fi, f2, fs) : B ^ B' from the biextension B to the 
biextension B' . In particular, 

/i : Bi — > B[ f2 : i?2 — > B'2 fs : B3 > B'^ 

are morphisms of abelian sheaves. 

(2) a morphism of biextensions 

Xi = (Ti,gi,/2,/3) : {uuidB^TB {u'^MbO*^' 

compatible with the morphism F_ ~ (-F, /i, /2, /s) and with the trivializa- 
tions ^1 and 5"']^, and a morphism of biextensions 

X2 = (T2,/i,52,/3) : {idB,.U2rB {idB'^,u'2rB' 
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compatible with the morphism F — /i, /2, /s) and with the triviahza- 
tions ^'2 and . In particular, 

51 : Ai — > a; 52 : ^2 — > ^'3 

are morphisms of abelian sheaves. By pull-back, the two morphisms 

= (Ti,5i, /2, /s) and T2 = (T2, /i, 52, /a) define a morphism of biex- 
tensions T = (T, 51, 52, /a) : (ui,M2)*S — + (u'j^, Uj)*;^' compatible with the 
morphism F_ = (i^, /i, /2, /s) and with the trivializations ^ and . 
(3) a morphism 53 : A3 — > A3 of abelian sheaves compatible with U3 and U3 
(i.e. 1*3 o 53 = /3 o U3) and such that 

A' o (51 X 52) = .93 ° A 

Remark 1.1.3. The morphisms 53 and define a morphism from if 3 to K'^. The 
morphisms 51 and /i (resp. 52 and /2) define morphisms from Ki to K'l (resp. 
from K2 to K'^)- 

We denote by 'S\ext{Ki, K2; K^) the category of biextensions of {Ki,K2) by 
K^. The Baer sum of extensions defines a group law for the objects of the category 
Biext(iiri, ^^2; ^3)7 which is therefore a Picard category (see |SGA7| Expose VII 
2.4, 2.5 and 2.6). Let 'Q\ey±^ {Ki, K2\ K^^) be the group of automorphisms of any 
biextension of {Ki,K2) by K3, and let 

Biext^(ii:i, ^4:2; K3) be the group of isomorphism classes of biextensions of {Ki, K2) 

Remark 1.1.4. In the paper B] in preparation, we are proving the following homo- 
logical interpretation of the groups Biext'(iiri, K2; K3) for i = 0, 1: 

Biext'{Ki,K2;K3)^Ext'{Ki^K2,K3) (i = 0,1). 

This homological interpretation generalizes the one obtained by Grothendick in 
|SGA7| Expose VII 3.6.5 for biextensions of abelian sheaves. 

Now we generalize to complex of abelian sheaves concentrated in degree and 
-1, the definitions of symmetric biextensions and of skew-symmetric biextensions 
of abelian sheaves introduced by L. Breen in [Be83| 1.4 and [Be87j 1.1 respectively. 
Let K and K' be complexes of abelian sheaves concentrated in degree and -1. 
Denote by sym : K x K ^ K x K the morphism which permutes the factors and 
hy d : K ^ K X K the diagonal morphism. 

Definition 1.1.5. A symmetric biextension {B,^b) of {K,K) by K' consists 
of a biextension B — {B, ^fi, 5*2, A) of (A', K) by K' and a morphism of biextensions 
: sym*B B, where sym*B is the pull-back of B via the morphism sym which 
permutes the factors, such that the restriction d*£,B of by the diagonal morphism 
d coincides with the isomorphism 

i^B ■■ d*sym*B — > d*B 

arising from the identity sym o d ^ d. 

The morphism is involute, i.e. the composite ° sym*^B ■ sym* sym* B — > 
sym*B ^ Bis the identity of B (cf. [Br83] 1.7). 
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Definition 1.1.6. The symmetrized biextension of a biextension B = (Z?, ^i, 
^'2, A) of {K, K) by K' is the symmetric biextension {BAsym*B, ^BA.sym'B), where 
the morphism ^B^syrn'B is given canonicaUy by the composite 

(.BAsym'B '■ sym* B A sym* sym* B — > sym*B A B^^B A sym*B 

where the first arrow comes from the equahty sym o sym = id and the second one 
is the morphism r : sym*B A B — > S A sym*B which permutes the factors of the 
contracted product. 

Definition 1.1.7. A skew-symmetric biextension {B,(Pb) of {K,K) by K' 
consists of a biextension B — {B, 'i>i,'i'2, A) of {K, K) by K' and a triviahzation ifB 
of the biextension {B A sym*B,S_B/\sym*B) which is compatible with the symmetric 
structure of {B A sym*B,^B/\sym*B)- 

Since we can view 1-motives as complexes of commutative S'-group schemes 
concentrated in degree and -1, all the definitions of this section apply to 1-motives. 

1.2. A simpler description. Using the symmetrical description of 1-motives re- 
called in the Notation, we can give a simpler description of the definition 10.0. II of 
biextension of 1-motives by 1-motives. 

Proposition 1.2.1. Let = (A^, F/, A^, i;^, w*, Vi) (lor i = l,2,3j he a 1- 
motive over S . To have a biextension {B, ^>i,'^2i A) of (Mi, M2) by il/3 is equivalent 
to have a ^-uplet (_B, $1, $2, A) where 

(1) a biextension of B of{Ai,A2) &?/ 13(1); 

(2) a triviahzation <i>i (resp. ^2) of the biextension {vi,idA2)*B o/(Ai,^2) 
by Y3(l) (resp. of the biextension {idAi,V2)* B 0/(^1, A2) by 11j(l)J ob- 
tained as pull-back of B via (fi , idyij ) (resp. via (idAnV2)). These two 
trivializations $1 and $2 have to coincide over (Ai, A2), i.e. 



with $ a triviahzation of the biextension {vi,V2)*B of (Ai, A2) by ^3(1) 
obtained as pull-back of the biextension B via {vi.,V2); 
(3) a morphism A : {vi,V2)*B {{v^jV^YPas) Y3 of biextensions, with 



Proof. According to [B08| Theorem 2.5.2 and remark 2.5.3, to have the biextension 
B of (^1,^12) by y3(l) is equivalent to have the biextension B = t3,(7ri,7r2)*i? 
of (G'i,G2) by G3, where for i — 1,2,3, iVi : d ^ Ai is the projection of d 
over Ai and tj : Yi{l) Gi is the inclusion of Yi{l) over Gi. The trivializations 
($i,$2) and (^'i,4'2) determine each others. To have the morphism of 5'-group 
schemes A : Ai x A2 A3 is equivalent to have the morphism of biextensions 
A : (ill, V2YB ((u3, W3)*7^^3)(g)Y3 with A|y-3(i) equal to the identity. In particular, 
through this last equivalence A corresponds to A|XixX2 and to require that M3 o A : 
Ai (g) A2 G3 is compatible with the triviahzation \1/ of {ui,U2)*B corresponds 



(wi,zdjfj*$2 = * = {idx^,V2y^i 




(1.2.1) 



{vi,v2yB 

Ai X A2 



{{v,,v*,rPA,)^Y, 

A3 X 1. 
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to require the commutativity of the diagram ()1.2.1|) with the vertical arrows going 
up. □ 

2. Some tensor products 

2.1. The tensor product with a motive of weight zero. Let Z be an S'-group 
scheme which is locally for the etale topology a constant group scheme defined by 
a finitely generated free Z-module, i.e. there exist an etale surjective morphism 
S' —>■ S such that Zs' is the constant S"-group scheme with z an integer bigger 
or equal to 0. The tensor product of abelian sheaves in the big etale site furnishes 
the tensor product of Z with the pure motives underlying 1-motives. In this section 
we discuss the representability by group schemes of such tensor products. 

2.1.1. The tensor product of two motives of weight zero: Let X be an S'-group 
scheme which is locally for the etale topology a constant group scheme defined by 
a finitely generated free Z-module, Z^ with x an integer bigger or equal to 0. The 
tensor product 

X (^Z 

is the S'-group scheme which is locally for the etale topology a constant group 
scheme defined by a finitely generated free Z-module of rank x ■ z, such that there 
exist an etale surjective morphism S' ^ S for which the S"-group scheme (X(8)Z)s/ 
is isomorphic to the fibred product of z-copies of the S'-group scheme Xs'- In fact, 
let g : S' ^ S be the etale surjective morphism such that Zs' is the constant S'- 
group scheme Z^ . Over S' we define the tensor product Xs' ® Zs' as the fibred 
product of z-copies of the S"-scheme Xs' : 

Xs' ® Zs' := Xs' Xs' ■■■ Xs' Xs' 

The S"-scheme Xs' (Xi Zs' is again an S"-group scheme which is locally for the etale 
topology a constant group scheme defined by a finitely generated free Z-module of 
rank x ■ z, and so in particular it is locally of finite presentation, separated and 
locally quasi-finite over S". By |SGA3j Expose X Lemma 5.4 the morphism g is a 
morphism of effective descent for the fibred category of locally of finite presentation, 
separated and locally quasi-finite schemes, i.e. there exists an S-scheme X ® Z and 
an S"-isomorphism {X Z)s' = Xs' <^ Zg' which is compatible with the descent 
data. By construction X ®Z \s again a group scheme which is locally for the etale 
topology a constant group scheme defined by a finitely generated free Z-module of 
rank x ■ z. 

2.1.2. The tensor product of a torus with a motive of weight 0: Let Y{1) be an 
S'-torus. The tensor product 

Y{1)®Z 

is the S'-torus such that there exist an etale surjective morphism S' S for which 
the S"-torus (F(l) is isomorphic to the fibred product of z-copies of the 
S"-torus y(l)5/. In fact, let 5 : S" ^ S' be the etale surjective morphism such that 
Zs' is the constant S'-group scheme Z^. Over S' we define the tensor product 
Y{l)s' ® Zs' as the fibred product of z-copies of the S'-torus ^(1)5/: 

Y{l)s' ® Zs' := Y{l)s' xs'...xs' Y{l)s' 

The S'-scheme Y{l)s' <^ Zs' is again an S'-torus, and so in particular it is affine 
S". By |SGA1| Expose VIII Theorem 2.1 the morphism g is a morphism of effective 
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descent for the fibred category of affine scliemes, i.e. tliere exists an S'-sclieme 
Z and an 5'-isomorpliism (¥(1) ^ Z)s' = F(l)s' ® Zs' wliicli is compatible 
witli tlie descent data. By construction 1^(1) Z is again a torus. 

Remark 2.1.1. If the cocharacter group Y of the torus 1^(1) has rank y, the cocha- 
racter group of the torus y(l) (g) Z is the motif of weight zero Y ® Z of rank y ■ z. 

2.1.3. The tensor product of an abelian scheme with a motive of weight 0: Let A 
be an abelian S'-scheme. The tensor product 

A(g)Z 

is the abelian S'-scheme such that there exist an etale surjective morphism S' S 
for which the abelian S"-scheme {A (g) Z)s' is isomorphic to the fibred product of 
z-copies of the abelian S"-scheme As'- In fact, let g : S' ^ S be the etale surjective 
morphism such that Zs' is the constant S"-group scheme . Over S' we define the 
tensor product ® Zs' as the fibred product of 2;-copies of the abelian iS"-scheme 
As>: 

As' Zs' := As' xs' ... xs' Ag, 
The 5"-scheme As' (8) Zs' is again an abelian S"-scheme, and in particular it is an 
algebraic space over 5". By |LM-B| Corollary 10.4.2 the morphism g is a morphism 
of effective descent for the fibred category of algebraic spaces, i.e. there exists an 
algebraic S'-space A® Z and an 5"-isomorphism (A ® Z)si = As' (8) Zs> which 
is compatible with the descent data. The local properties, as smoothness, and 
the properties which are stable by base change, as properness and geometrically 
connected fibres, are carried over from A to A® Z. Therefore the algebraic S-space 
A iSi Z is a group object, smooth, proper over S and with connected fibres and so 
according to |FC| Theorem 1.9, v4 ® Z is an abelian S'-scheme. 

2.1.4. The tensor product of an extension of an abelian scheme by a torus with a 
motive of weight 0: Let G be an extension of an abelian S'-scheme A by an S'-torus 
y(l). The tensor product 

G® Z 

is the S-group scheme which is extension of the abelian S'-scheme A (g) Z hy the 
S'-torus Y{1) (g) Z, such that there exist an etale surjective morphism S' ^ S for 
which the S'-group scheme (G'(8)Z)s' is isomorphic to the fibred product of z-copies 
of the S'-group scheme Gs'. In fact, let 5 : S" S be the etale surjective morphism 
such that Zs> is the constant S"-group scheme Z^. Over S" we define the tensor 
product Gs' g) Zs' as the fibred product of z-copies of the S"-scheme Gs'- 

Gs' ® Zs' := Gs' xs' ... xs' Gs' 

The S"-scheme Gs' Zs' is an extension of the abelian S"-scheme As' (X" Z5/ by 
an S"-torus Y{l)s' (S> Zs'. In particular Gs' (g Zs' is an algebraic space over S". 
By |LM-Bj Corollary 10.4.2 the morphism g is a morphism of effective descent for 
the fibred category of algebraic spaces, i.e. there exists an algebraic S-space G® Z 
which is an extension the abelian S-scheme A® Z hy the S-torus 1^(1) (8) Z, and an 
S"-isomorphism (G ® Z)s' = Gs' ® Zg' which is compatible with the descent data. 
The smoothness of the torus y(l)(8)Z implies that the fppf y(l)(g)Z-torsor G(g)Z is 
in fact an etale torsor (see |G68| Theorem 11.7). Since the torus 1^(1) (8) Z is affine 
over S and since affiness is stable under base extensions, the YiX)® Z-torsor G® Z 
is affine over A® Z. By the theory of effective descent for the fibred category of 
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afBne schemes (see [SGAlj Expose VIII Theorem 2.1) the algebraic iS-space G ® Z 
is in fact an S'-scheme. 

Using the above constructions we can now define the tensor product of a 1-motive 
with a motive of weight 0: 

Definition 2.1.2. Let M ^ [X ^ G] be a 1-motive. The tensor product M (g) Z 
is the 1-motive 

[X ® Z ""-^ G ® Z]. 

We can conclude that roughly speaking "to tensor a motive by a motive of weight 
0" means to take a certain number of copies of this motive. 

2.2. The 1-motive underlying Mi ® M2/W_3(Mi ® Afa)- Let = {X^.Y^ ,Ai, 
A*,Vi,v*,ilJi) be a 1-motive (for i = 1,2) defined over S. The 1-motive underlying 
the motive Mi ® M2/W_3(Mi Ma) is the 1-motive M = (X, Y^, A, A*, V, V*, *) 
where, 

• X is the S'-group scheme Xi Xa , 

• is the ^-group scheme X]" + Y^^ ® X:^ + Biext^Ai, A2;Z{1)) 
where Biext'^ {Ai , A2; is the S- group scheme which is locally for the 
etale topology a constant group scheme defined by the group of isomorphism 
classes of biextensions of (Ai, ^a) by Z(l) (remark that Biext^{Ai, Aa; Z(l)) 
is a group scheme because Biext^(Ai, ^a; ^(1)) is a group), 

• A is the abelian S'-scheme Xi ^ A2 + Ai ^ X2 , 

• the morphisms V and V* and the trivialization ^! are defined by the for- 
mula (l2XT|i . (I2X2I) . (|2X3li . 12221), dMll), (I2T6I1 . (12X71) . 

Proof. The only non trivial components of the motive Mi Cg) Ma/W_3(Mi g) Ma) 
are the pure motives 

GrJ^(Mi ®Ma/W_3(Mi ® Ma)) = Xi®Xa, 

Gr!!;(Mi (g) Ma/W_3(Mi ® Ma)) = Xi (g) A2 + Ai (g) X2, 

Gr'fa(Mi (g) Ma/W_3(Mi g) Ma)) = Xi (g) ya(l) + ^1(1) ® ^2 + Ai g) Aa. 

of weight 0,-1 and -2 respectively. Until now we don't have defined Ai g) A2 but in 
fact, in what follows, we will need only the morphisms from Ai g) yla to the torus 
Z(l) which are defined in Definition 13.1.11 (see also remark [2.2.ip . Hence 

• X is the S'-group scheme Xi g) X2 which is locally for the etale topology 
a constant group scheme defined by a finitely generated free Z-module of 
rank ri • ra, where ri (resp. ra) is the rank of the finitely generated free 
Z-modulc defining Xi (resp.Xa), 

• A is the abelian S-scheme Xi ® A2 + Ai g) X2 , 

• is Honi(Xi g)ya(l) + Fi(l)g)Xa + Ai g) Aa, Z(l)). 
We have the equality 

Y"" =X]^(gY^ + Y^^X^ + Hom(Ai g)yla,Z(l)). 

As we will see in definition 13.1. 11 the bilinear morphisms from Ai x A2 to the torus 
Z(l) are the isomorphism classes of biextensions of {Ai, A2) by Z(l). Therefore 

Y^'^X^^Y^ + Y^(E}X^ + Biext\Ai,A2;1{l)) 

where Siexf^(Ai, Aa; Z(l)) is the S-group scheme which is locally for the etale 
topology a constant group scheme defined by the group Biext^(Ai, Aa; Z(l)) of 
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isomorphism classes of biextensions of (v4i, A2) by Z(l). 

We define the morphism V using the morphisms vi : Xi —^ Ai and V2 '■ X2 A2. 
In fact, 

(2.2.1) V=(^;f^^^;f^l):Xl®X2-^Xl0A2 + Ai 

where vf^"" : X2 -> ® X2 and vf^^ : Xi ® X2 ^ Xi ® A2. Before to 
define the morphism V*, observe that the Cartier dual of the abelian S'-scheme 
Xi(^ A2 + Ai® X2 is the abelian S'-scheme X'( ® A^ + Al® X^. Since 
decomposes in three terms, we can define V separately over each terms. For the 
first two terms X^ ® Y2 + ® X^ , we use the morphisms v\ : — > A\ and 
vl : Y:^ ^ A\. In fact, 

(2.2.2) N\ = {vX)®^^^ ■ ® XX — > A\® X)i 

(2.2.3) = {v*2)®^^i ■ XX ® — > XX ® Al 

In order to define V* over the term Biext^ {Ai , A2:, we use the well-known 

canonical isomorphisms 

llom{Ai,A*2) ^ Biext^{Ai,A2]Z{l)) = Hom(y42, 

(see |SGA7 I Expose VIII 3.2) and the isomorphisms X^ ^ Ai. = IIom (Xi , A*) and 
Al (g) X^ = Hom fX^ ,Al): 

(2.2.4) Y^: Biext\Ai,A2;Z{l)) — > Hom (Xi , AX) + Hom (X2, A*^) 

b I — > {bovi,bov2). 

We set V* = + V2 + V3. It remains to define the trivialization of the pull-back 
via (V, V* ) of the Poincare biextension of (Xi ® A2 -f Ai X2 , X^ ® + Al® X^ ) 
by Z(I). Since decomposes in three terms, we can define this trivialization 
separately over each terms. For the first two terms X^ ® Y2 + Y^ ® X^, we use 
the trivializations Vi : -'^i x ^ ^(1) and ^2 ■ X2 x Y2 Z(l). In fact, the 
trivializations 

ii^i)®^' : {Xi X r/) ®X2 — > Z(I) ® X2 
(^^2)®^^ : Xi ® {X2 X r/) -^Xi® Z(l) 

furnish 

(2.2.5) ^-1 = ii^i)®^' ® XX : {Xi ® X2) X (F/ ® XX) Z(l) 

(2.2.6) *2 = (^-2)®^^ ® XX : {Xi ® X2) X [XX ® Y^X) Z(l) 

In order to define ^ over the term Biext^ {Ai , A2; 1^(1)) we use the definition l3.1.II 
according to which the group Biext^(Ai, A2; Z(l)) of isomorphism classes of biex- 
tensions of (^1,^2) byZ(l) is the group IIom(yli 071.2, Z(l)) of bilinear morphisms 
from Al X A2 to Z(l): 

(2.2.7) '^3:{Xi®X2) X Biext\Ai, A2;Z{1)) — > Z(l) 

{xi®X2,b) I > b{vi{xi) ® V2{X2))- 



We set = '^i + '^2 + *3- 



□ 
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Remark 2.2.1. Let S be the spectrum of a field of characteristic embeddable in C. 
The Hodge reahzation Th(Ai A2) of the motive Ai®A2 is a pure Hodge structure 
of type {(—2, 0), (—1, —1), (0, —2)}. Since the Hodge reahzation of a 1-motive is of 
type {(0,0), (-1, 0), (0, -1), (-1, -1)}, the only component of rH(Ai0A2) which is 
involved in the Hodge realization of the 1-motive underlying Mi eg) Af2/W_3(Mi (g) 
M2), is the component (rH(Ai (g)yl2))"^ ~^ of type (-1,-1). By definition [3X1] the 
group Hom(Ai 0^2,^(1)) is the group Biext^(Ai, A2; Z(l)) of isomorphism classes 
of biextensions of {Ai,A2) by Z(l), and so the component (Th(Ai (g) A2)) 
is the Hodge realization of the torus (Biext^(Ai, ^2; ^(1)))^(1) whose character 
group is Biext^(Ai,^2;Z(l)): 

(TH(Ai®A2))"''"'=rH((Bicxti(Ai,A2;Z(l)))''(l)). 

3. MORPHISMS FROM A FINITE TENSOR PRODUCT OF 1-MOTIVES TO A 1-MOTIVE 

3.1. Multilinear morphisms between 1-motives. 

Definition 3.1.1. Let Mi,M2 and M3 be three 1-motives defined over S. A 
morphism from the tensor product of Mi and M2 to M3 is an isomorphism 
class of biextensions of {Ah, M2) by M3. Moreover to the three 1-motives Mi, M2 
and M3 we associate a group Hom(Mi, M2; M3) defined in the following way: 

Hom(Afi, M2; M3) Biext^(Mi, M2; Afs), 

i.e. Hom(A/i, Af2; M3) is the group of bilinear morphisms from Mi x M2 to M3. 

The structure of commutative group of Hom(A/i, M2; M3) is described in |SGA7| 
Expose VH 2.5. 

Let Mi be a 1-motive [Xi 0] of weight (for i — 1,2,3). According to our 
definition of biextension of 1-motives by 1-motives, we have the equality 

Biexti([Ai ^ 0], [A2 ^ 0]; [A3 ^ 0]) = Hom(Ai » A2, A3), 

i.e. biextensions of ([Ai 0], [A2 ^0]) by [A3 0] are just bilinear morphisms 
of S'-group schemes from Ai x A2 to A3. As expected, for motives of weight we 
have therefore 

Hom([Ai -> 0], [A2 -> 0]; [A3 ^ 0]) = Hom(Ai A2, A3). 

Definition 11.1.21 of morphisms of biextensions of 1-motives by 1-motives allows 
us to define a morphism between the bilinear morphisms corresponding to such 
biextensions. More precisely, let M^ and M^ (for i = 1,2,3) be 1-motives over S. 
If we denote by b the morphism Mi (g) M2 M^ corresponding to the biexten- 
sion (6, *i,*2, A) of (Afi,M2) by M3 and by b' the morphism M{ ® M!^ ^ M^ 
corresponding to the biextension (;B', ^1, ^'2, A') of {M[,M2) by Afg, a morphism 
(£,Xi,X2,53) : (;B,*i,*2,A) (;B',*'i,*'2,A') of biextensions defines the vertical 
arrows of the following diagram of morphisms 

Ml (g) M2 M3 
i ^ i 

M{ (g) M^ M^. 

It is clear now why from the data {F_,X.i,X.2i 93) get a morphism from M3 to 
M^ as remarked in fTXl Moreover since Mi (g) [Z ^ 0] , M{ [Z ^ 0] , [Z ^ 0] (g) M2 
and [Z ^ 0] M2, are sub- 1-motives of the motives Mi g) M2 and M{ (g) M2, from 
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the data (£,XijX2i 53) "^s get also morphisms from Mi to M[ and from M2 to 

In [B08] Theorem 2.5.2 we proved that if Mi = [Xi d] (for i = l,2, 3) is a 1- 
motive defined over S, Biext^(G'i,G'2;G3) = Biext^(Ai, yla; 5^3(1))- More precisely 
we have the following isomorphisms 

,s BiextHGi,G2;y3(l)) =Biexti(v4i,A2; 1^3(1)) 

^ ■ ^ Biexti(Gi,G2;G3) = Biexti(Gi,G2;y3(l)) 

According to Definition 13.1.11 these isomorphisms mean that biextensions of 1- 
motives by 1-motives respect the weight filtration W*, i.e. they satisfy the main 
property of morphisms of motives. 

Inspired by |SGA7j Expose VIII Corollary 2.2.11, if Mi,M2,M3 are three 1- 
motives defined over S, we require the anti-commutativity of the diagram 

Biext ^ {Ml , M2 ; M3 ) ^ Biext \M2, Mi ; M3 ) 

= i ^ i = 

Hom(Afi,M2;M3) ^ Hom(Af2, Mi; M3) 

where the horizontal maps are induced by the morphism which permutes the factors. 
The definitions of symmetric biextension of 1-motives 11.1.51 and of skew-symmetric 
biextension of 1-motivcs 11.1.71 allow then the following definition: 

Definition 3.1.2. Let M and M' be 1-motives defined over S. A symmetric 
morphism M M ^ M' is an isomorphism class of skew-symmetric biexten- 
sions of (M, M) by M'. A skew-symmetric morphism M ® M ^ M' is an 
isomorphism class of symmetric biextensions of (M, M) by M' . 

Now we generalize Definition 13 . 1 . 1 1 to a finite tensor product of 1-motives: 

Lemma 3.1.3. For 1-motives defined over S, assume the existence of a weight 
filtration and of a tensor product, which are compatible one with another. Let I and 
i be positive integers and let Alj — [Xj — ^ Gj] (for j = l,...,l) be a 1-motive 
defined over S. If i > I and I + 1 > i, the motive (8)j-^;^Mj/W_i((8)^-^jMj) is 
isogeneous to the motive 
(3.1.2) 

( ^fc) (g) ( M,/W_,(®,e|,,,...,,,_ jM,)) 

where the sum is taken over all the {I — i + l)-uplets {vi, . . . , j//_i+i} and all the 
{i-\)-uplets {ti, . . . , ti_i} o/{l, • ■ • , /} such that {vi, . . . , i/i_i+i}n{ti, . . . , bi-i} = 
and vi < ■ ■ ■ < vi-i+i, ii < ■ ■ ■ < ii-i- 

Proof. 1-motives Mj have components of weight (the lattice part Xj), of weight 
-1 (the abelian part Aj) and of weight -2 (the toric part Y, (l)). Consider the pure 
motive Gr^j((8)'^;^Mj): it is a finite sum of tensor products of I factors of weight 0, 
-1 other -2. U i — I the tensor product 

Ai (g) A2 (E) ■ ■ ■ (E) Ai 

contains no factors of weight 0. For each i strictly bigger than /, it is also easy to 
construct a tensor product of I factors whose total weight is —i and in which no 
factor has weight (for example if « = / -I- 2 we take 

^1(1) (E) ¥2(1) ® A3 ■ • ■ (g) Ai). 
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However if i is strictly smaller than /, in each of these tensor products of / factors, 
there is at least one factor of weight 0, i.e. one of the Xj for j — 1, . . . ,1. 
Now fix a i strictly smaller than I. The tensor products where there are less factors 
of weight are exactly those where there are more factors of weight -1. Hence in 
the pure motive Gr_i(®^-^]^Mj), the tensor products with less factors of weight 
are of the type 

X,,! (g) • ■ • ® (g) A,^ (g) ■ ■ ■ (g) A,^. 
After these observations, the conclusion is clear. Remark that we have only an 
isogeny because in the 1-motive (|3.1.2p the factor 

appears with multiplicity ^^p+m^^ where m is the number of (for g = 1, . . . , l—p) 
which are of weight 0, instead of appearing only once like in the 1-motive 
'gjMj/W-i{®jMj). In particular for each i we have that 

Gr^i ( ^{®kXk) ® («)jMj/W_0) = {I -I) Gr^i ( ®j Mj/W-?j 

□ 

Theorem 3.1.4. For 1-motives defined over S , assume the existence of a weight 
filtration and of a tensor product, which are compatible one with another. Moreover, 
assume that the morphisms between 1-motives respect the weight filtration. Let 
M and Mi, . . . ,Mi be 1-motives over S. Modulo isogenics a morphism from the 
tensor product of Mi, . . . , M; to M is a sum of copies of isomorphism classes of 
biextensions of {Mi, Mj) by M for i,j = 1, . . .1 and i ^ j. More precisely we have 
that 

Hom(Mi, M2, ...,Mi;M)®Q = Y^ Biext^M,,, , M,,; Cg ■ ■ ■ <g X^^_^ ® M) 

where the sum is taken over all the {l^2)-uplets {vi, . . . , vi-i^i} and all the 2-uplets 
{i-i, 1^2} 0/ {1, • • • , /} such that {ui, . . . , ^1^2} H {bi, 12} = and vi < ■ ■ ■ < vi^2, 
i\ < i2- 

Proof. Because morphisms of motives have to respect weights, the only non trivial 
components of the morphism g)''j^iMj M are the components of the morphism 

«''=iMj/w_3(®^-^iMj) — > M. 

Using the equality obtained in Lemma 13.1.31 with i — —3, we can write explicitly 
this last morphism in the following way 

J2 X^,(E)---<g ® {M,, (g M,, jW_3(Afti ® M,,)) — > M. 

Li<L2 and ui<--<ui_2 

To have the morphism 

X^,(g---(g X^,_2 (g {M,, (g Ml jW_3(A^ii ® M,,)) — > M 
is equivalent to have the morphism 

M,, ® M,,/W-3(M,a M,J -^X^^®---(® X^^_^ ® M 

where X^^ is the S'-group scheme Hom (X,y,^ , Z) for fc = 1, . . . , ^ — 2. But as observed 
in 1.1 "to tensor a motive by a motive of weight zero" means to take a certain 
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number of copies of this motive, and so from definition 13.1.11 we get the expected 
conclusion. □ 

3.2. Linear morphisms and pairings. Let A and B be abeUan ^-schemes. Ac- 
cording to |SGA7j Expose VIII 3.2 we have the weU-known canonical isomorphisms 

Hom(A,S) ^Biext^{A,B*;Z{l)) =Uom{B*,A*) 

where A* and B* are the Cartier duals of A and B respectively. In the case 
where B = A, through these canonical isomorphisms the Poincare biextension of 
A, denoted by Vi,a, corresponds to the identities morphisms id a : A ^ A and 
idA* : A* ^ A* . More in general, to a morphism f : A ^ B is associated the 
pull-back {fjidyVi^B via {f,id) of the Poincare biextension of B, that we denote 
by Vf^B- To the transpose morphism p : B* ^ A* of / is associated the pull-back 
via {id, f*^) of Pi^a, that we denote by Vft,A- Clearly these two biextensions are 
isomorphic: 

'Pf,B — 'Pf*,A- 

According to definition 13.1.11 a biextension of {A,B*) by Z(l) is a morphism 
from A(g)B* to Z(l): 

Hom(A,B*;Z(l)) = Bicxt^(A, B*; Z(l)). 

In the case where B = A, the Poincare biextension Vi^a of A is the motivic Weil 
pairing A(g) A* ^ Z(l) of A: we write it ei^A- The biextension Vf^B of {A,B*) 
by Z(l) is the pairing 

ei,B o{f xid) : A®B* — > Z(l). 

We denote this pairing f ® B* . [The reason of this notation is that if we were in a 
Tannakian category, we could recover this pairing composing the morphism f x id 
with the evaluation morphism cvb B ® B^ — > 1 of S : 

A® B* B ® B* = B (it, B'^ ® Z(l) "'"^"^ 1 (it, Z(l) = Z(l)]. 

In an analogous way, the biextension Vft A is the pairing ci^a ° [id x /*) that we 
denote A (g) /*. Since the biextensions P/,_b and 'Pp,A are isomorphic we have that 

f(g>B*^A(g,f. 

Lemma 3.2.1. Let f : A ^ B be a morphism of ahelian S-schemes and let /* : 
B* —> A* be its transpose morphism. The morphisms f and /* are adjoint with 
respect to the motivic Weil Pairing. In particular, if the morphism f has an inverse, 
its inverse f~^ : B ^ A and its contragradient f = {f~^y : A* —>■ B* are adjoint 
for the motivic Weil Pairing. 

Proof. The equality f ® B* = A^ f* means that the following diagram is commu- 
tative 

AiE)B* Ac?) A* 

B^B* ^ Z(l). 

□ 
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If S is the spectrum of a field k of characteristic 0, we can consider the Tannakian 
category {A}^ generated by A in an appropriate category of reaUzations. The 
motivic Galois group of A is the motivic affine group scheme Sp (A) , where A is 
an element of {A)® endowed with the following universal property: for each object 
X of (^)® there exists a morphism X ~* A X functorial in X (see jD90) 8.4, 
8.10, 8.11 (iii)). In the following proposition we discuss the main properties of the 
motivic Weil pairing ci^a of A and in particular its link with the motivic Galois 
group of A. 

Proposition 3.2.2. The motivic Weil pairing ei^A of A is skew- symmetric and 
non-degenerate. Moreover, if S is the spectrum of a field k of characteristic 0, the 
motivic Weil pairing is invariant under the action of the motivic Galois group of 
A. 

Proof. Since the Poincare biextension of ^ is a symmetric biextension, by defini- 
tion [3ITT2] the corresponding pairing is skew-symmetric. The reason of the non-de- 
generacy of the pairing ci^a is that the Poincare biextension Vi^a is trivial only if re- 
stricted to A X {0} and {0} x A*. The pairing ei,A is an element of Hom(yl, A*; Gm), 
which can be viewed as an Artin motive since Hom(^, — A A* (g) 

is of weight (here is the Tannakian dual of Gm)- Therefore the motivic Ga- 
lois group of A acts on Hom(yl, G,„) via the Galois group Gal{k/k). Since the 
Poincare biextension Vi^a is defined over k, also the corresponding pairing ei_A is 
defined over k, and therefore ci^a is invariant under the action of Gal(fc/A:), i.e. 
under the action of the motivic Galois group of A. □ 

Let M, = {X^,Y^, A^,A* ,v^,v*,'iP,) = [X^ G^] (for i = 1,2) be a 1-motive 
over S. According to [D74j (10.2.14) a morphism from Mi to M2 is a 4-uplet of 
morphisms F = {f : Ai ^ A2, f*:A*^ A*, 3:^1^X2, h : Y^^) where 

• / is a morphism of abelian S'-schemes with transpose morphism /*, and g 
and h are morphisms of character groups of S'-tori; 

• f ° Vi = V2 ° g and dually f^oy^—vlo h; 

• via the isomorphism Vft,Ai — 'Pf.A2j we have V'i(a;i, ^(2/2)) — '02(3(a;i), yj) 
for each {xi,y2) £ Xi x Y2 . 

The transpose morphism i^* : oi F ^ (/, /*, 3, h) is (f* : Af. ^ Al, f : 

Ai ^ A2, h'^ : Yi Y2, g"^ : X2 ^ X^) where /i^ and are the dual morphisms 
of h and g, i.e. morphisms of cocharacter groups of S'-tori. 

As for abelian S'-schemes, also for 1-motives we have the following isomorphisms: 

Hom(Mi, M2) ^ Hom(Mi, [Z ^ 0]; M2) ^ Hom(Mi, M*; Z(l)). 

In fact using the definition of bilinear morphisms 13.1.11 we prove that 

Proposition 3.2.3. Let Mi and M2 be two 1-motives defined over S . 

Hom(Afi, 1/2) ^ Biext^(Mi, M*; Z(l)). 

In other words, the biextensions of {Mi,M2) by Z(l) are the morphisms from Mi 
to M2 . 

Proof. A biextension of (Mi,M|) by Z(l) is (7',ri,r2,0) where V is an object of 
Biext^(Ai, yl2; Z(l)) andPi andr2 are trivializations ofthe biextensions {idAi,V2)*'P 
and {vijidA^yV respectively, which coincide over Xi x Y2 . To have the biexten- 
sion V is the same thing as to have a morphism / : Ai ^ yl2 of abelian S'-schemes 
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with transpose morphism /*. By |SGA7| Expose VIII Proposition 3.7, to have the 
biextension {vi,idA;)*P of {Xi,A^) by Z(l) (resp. {idA,,v^)*V of (Ai.Y^) by 
Z(l)) is the same thing as to have a morphism Xi A2 (resp. h : Y2 Al) 
equal to the composite f o vi (resp. /* o Wj), and this is the same thing as to have 
a morphism g : Xi — > X2 (resp. h : Y2 —>■ Y^) such that / o f 1 — V2 ° g (resp. 
f*ov2 = Vi o h). The condition that the two triviahzations Fi and r2 coincide 
over Xi X Y2 is equivalent to the condition ipiixi, h{y2)) = i'2{g{xi),y2) for each 
(a;i,y*) eXi xK,^ □ 

Proposition 3.2.4. Let Mi and M2 he two 1-motives defined over S. 

Hom(Mi, M2) = Biext^(A/i, [Z 0]; A/2). 

In other words, the biextensions of (Mi, [Z — > 0]) by M2 are the morphisms from 
Ml to M2. 

Proof. A biextension {V, Fi, F2, A) of (Mi, [Z — > 0]) by M2 consists of a biextension 
of V of (Gi,0) by G2; a trivialization Fi (resp. F2) of the biextension {ui^id^yv 
of {Xi,0) by G2 (resp. of the biextension {idQ^^Q)*V of (Gi,Z) by G2) such that 
Fi and F2 coincide over Xi x Z; and a morphism A : ATi (g) Z ^ ^2 such that the 
morphism U2 o A : Xi Z — > 02 is compatible with the restriction F of Fi or F2 
over Xi X Z, i.e. the following diagram is commutative 

G2 = G2 

(3.2.1) T rT \ «2 

GixZ ^"t^^' Xi®Z^ X2. 

The trivialization F2 defines a morphism 7 from Gi to G2, the morphism A defines 
a morphism, again called A, from Xi to ^2 and the commutativity of the above 
diagram implies the commutativity of the diagram 

Xi ^ Gi 
A i i 7 

V 11.2 ^ 
Jl2 >■ (-T2. 

□ 

Recall also that to each 1-motive M — {Xi,Y^ , Ai, AI,vi,vI,iIji) — [X — ^ G] 
is associated its Poincare biextension, that we denote by Pi,m, which expresses 
the Cartier duality between M and M*. It is the biextension {'Pi^A,fpi,fp2,Q) of 
(M, M*) by Z(l) where ij^i is the trivialization of the biextension {idA,v*)*Vi^A 
which defines the morphism u : X G, and "02 is the trivialization of the biexten- 
sion {v^idA-'YPi^A which defines the morphism u* : Y'^ — > G* . 

Via the isomorphism of Proposition [XT^ the Poincare biextension of Afi, Pi^Mi, 
corresponds to the identities morphisms idnji ■ Mi Mi and idM* ■ Mj* Mi. 
More in general, to a morphism F — (f,f*,g,h) : Mi — > M2 is associated the 
pull-back {F x id)*Pi^M2 by F x id of the Poincare biextension of M2, that we 
denote by Pf,M2- Explicitly, if ("Pi.^ij , -01 , V'Ij 0) is the Poincare biextension of A/2, 
the biextension Pp.Ah is 

((/ X idrPi,A2, if X idy^l {g X tdri^lO). 

To the transpose morphism F* — {f* , f,h* , g*) : Mj Mj* of F is associ- 
ated the pull-back via id x F^ of Pi^Mi, that we denote by Pf^,Mi- Explicitly, 
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if ('^i,Ai , "01: 7 0) is the Poincare biextension of Mi, the biextension Pf',Mi is 

{{id X frvi.A.A^d X hr^pi, {id X fY4>\,Q). 

As for abehan schemes we have 

VF.Kh — 'PFt,Mi- 

According to definition I3.1.1[ each biextensions of (MijMj) by Z(l) is a mor- 
phism from Mi (g) to Z(l): 

Hom(Mi, M*; Z(l)) = Biext^(Afi, M*; Z(l)). 

In the case where Mi = M2, the Poincare biextension 7^1,^/1 of Mi is the motivic 
Weil pairing Mi M^ Z(l) of Mi: we write it ei Mi- The biextension Vp.Ah 
of (A/i, M2*) by Z(l) is the pairing 

ei,Af2 o{F X id) : Ml ® M; — > Z(l). 

We denote this pairing F O M^ . 

In an analogous way, the biextension 'Pf*,Mi is the pairing ei^Mi ° (ic' x -F*) = 
Ml (g) i^*. Since the biextensions Vp.Ah ^nd Vf^.Mi are isomorphic we have that 

F®M; = Mi®F\ 

As for abehan schemes this last equality implies 

Lemma 3.2.5. Let F : Mi —^ M2 be a morphism of abelian S-schemes and let 
F* : M2 — > Ml be its transpose morphism. The morphisms F and F^ are adjoint 
with respect to the motivic Weil Pairing. In particular, if the morphism F has an 
inverse, its inverse F^^ : M2 — > Mi and its contragradient F — {F^^Y : Mi ~> M2 
are adjoint for the motivic Weil Pairing. 



4. Realizations of biextensions 

4.1. Construction of the Hodge reaUzation of biextensions. Let S be the 

spectrum of the field C of complex numbers. Recall that a mixed Hodge struc- 
ture (Hz,W*,F*) consists of a finitely generated Z-module Hz, an increasing fil- 
tration W^, (the weight filtration) on Hz (g) Q, a decreasing filtration P* (the Hodge 
filtration) on Hz (g) C, and some axioms relating these two filtrations (see }D71| 
Definition 1.1). Let Mi = {Xi, Ai,Yi{l),Gi,Ui) (for i = 1,2,3) be a 1-motive over 
C. The Hodge realization Ta{M,) = (Tz(Mi), W*, P*) of the 1-motive Mi is the 
mixed Hodge structure consisting of the fibred product Tz{Mi) = Lie(Gi) Xq. Xi 
(viewing Lie(G'i) over Gi via the exponential map and Xi over Gi via Ui) and of 
the weight and Hodge filtrations defined in the following way: 

Wo(Tz(AfO) = Tz(M,), 

W_i(Tz(M,)) = H(G„Z), 

W_2(Tz(M,)) - H(K,(1),Z), 

pO(Tz(M)®C) = kcr(Tz(M)®C ~^Lie(G,)). 

(see [D74] §10.1.3). Denote by Mf"^ the complex of analytic groups [X, Gf^]. 
Each biextension of (Mi,M2) by M3 defines a unique biextension of (Aff",Mf") 
by M|": 
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Proposition 4.1.1. Let Mi = {Xi,Ai,Yi{l),Gi,Ui) (fori — 1,2,3) be a 1-motive 
over C. The application 

Biext^(Mi, M2; M3) — > Biext^(Mf", M|"; MJ'") 

is injective. Its image consists of the biextensions [B, ^'i, ^2, A) whose restriction B 
to Gi X G2 comes, via pull-hacks and push-downs, from a biextension B of {Ai, A2) 
byY^{\): 

B = i3,(7ri,7r2)*B 

where iTi : Gi Ai is the projection of Gi over Ai (for i = 1,2) and 13 : ¥3(1) G3 
is the inclusion ofY^{l) over G3. 

The morphism Tz(Mi) ^ Tz{M2) T^iM^) corresponding to a biextension 
{B, ^ti, 4*2, A) of (Ml, M2) by M3 comes from the trivializations defining the biex- 
tension of {Mf'',Mi'') by M|" induced by (B, *i,*2,A). Therefore in order to 
find the Hodge realization of a biextension ^1, ^£'2, A) of {Mi,M2) by M3 we 
first have to compute Biext^(Mf", M|"; M|-") : 

Lemma 4.1.2. Let Mi (for i — 1,2,3) be a 1-motive over C. The group 
Biext (A/f", M2"; Mg") is isomorphic to the group of the applications 

$ : Tz(Mi) Tz(M2) TziM^) 

such that $c : Tc(Mi) Tc(M2) TciMs) respects the Hodge filtration. 

Proof. The proof will be done in several steps. 

Step 1: Let Vc,Wc, Zc be three vector spaces. Since extensions of vector spaces 
are trivial, by [SGA7j Expose VIII 1.5 we have that for i = 0, 1 

Biext'(yc,M^c;^c) = Ext'(Vr.Rom(Wr.Zr)) 
= Ext\Vc,W^(g)Zc). 
Therefore in the analytic category we obtain that 

(4.1.1) Biext°(Fc,M^c;^c) = llom{Vc^Wc,Zc) 

(4.1.2) Biexti(Vc,M^c;^c) = 0. 

Let Vz, Wz, Zz be three free finitely generated Z-modules contained respectively 
in Vc,Wc, Zc- Since the morphism of complexes [Vz — > Vc] [0 Vfc/Vz] is a 
quasi-isomorphism one can check that we have the equivalence of categories 
(4.1.3) 

Biext(yc/^z, Wc/Wz; Zc/Zz) = Biext([yz ^ Vc], [Wz ^ Wc]; [Zz ^ Zc]) 

In order to get such an equivalence, one can also use the homological interpretation 
of biextensions stated in Remark 11.1.41 . Now we will prove that 

(4.1.4) Biext\Fc/14, Wc/Wz; Zc/Zz) ^ Hom{Vz ® Wz, Zz). 

Let (j>i : Vc<S> Wc ^ Zc (i = 1, 2) be a bilinear application such that the restriction 
of (j)i — (j)2 to Vz Wz factors through Zz Zc, i.e. it takes values in Zz. Denote 
by 6(01,02) the following biextension of {[Vz Vc], [Wz — > Wc]) by [Zz Zc]- 
the trivial biextension Vc x Wc x Zc of (Vc,Wc) by Zc, its trivializations (pi : 
Vz (81 Wc Zc and 4>2 ■ Vc ® Wz Zc and the morphism $ : Vz x Wz Zz 
compatible with the trivializations (j)i (for i = 1,2), i.e. $ = 0i — 02- According to 
(|4.1.2p each biextension is like that and by (|4.1.ip two biextensions S(0i,02) and 
S(0i, 02) are isomorphic if and only if 0i — 02 = 0'i — 02- 
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Step 2: Let Fi,F2, F3 be three subspaces of Vfc, Wc, Zc respectively. Consider the 
complexes 





(BFi- 


^14:] 


K[ 


= [14 - 












= [Wi - 




K3 = [Zz ( 








= [Zz- 


-^Zc] 



In this step we prove that to have a biextension of {Ki,K2) by is the same 
thing as to have: 

(a) : a biextension B of {K[, K2) by K!g^\ 

(b) : a unique determined trivialization 0i (resp. of the biextension of 
([0 ^ Fi], if^) (resp. (X^, [0 ^ F2])) by i^^, pull-back of B- 

(c) : a unique determined trivialization of the biextension of {Fi,F2) by F^ 
whose push-down via the inclusion F3 B^ coincides with the restriction 
of 01 — 02 to Fi X F2. 

We start observing that for {i = 0, 1): 

(1) Biext\Fi,K^;K^) = Bicxt%K[, F2; K!^) = 0: for i = this is a conse- 
quence of the fact that a bilinear application f : Fi x Wc Zc such that 
f{Fi, Wz) Q Z% is trivial. For the assertion with i = 1 we use (14.1.21) and 
the fact that each biadditif morphism F\ x Wz Zc comes from a biad- 
ditif morphism Fi x Wc Zc, i.e. the trivialization over Fi x Wz lifts to 
Fi X Wc. 

(2) Biext\Fi, F2; K'^) = for: since the biextensions of (^1,^2) by K'^ are the 
restriction to Fi x F2 of the biextensions of (FijK!^) and of {K[, F2) by ifg, 
we can conclude using (1). 

(3) Biext*(ifi, i^a; F3) =0: for i = this is a consequence of the fact that a 
bihnear apphcation / : Vc x Wc — * F3 such that f{Vz, Wz) = is trivial. 
The proof of the assertion with j = 1 is the same as in (1). 

(4) Biext'(Fi,/i:^;F3) = Biext*(i4:; , F2; F3) = 0: the biextensions of (Fi,if^) 
(resp. of (X(, F2)) by F3 are the restriction to Fi x K'2 (resp. to K[ x F2) 
of the biextensions of {K[, K'2) by F3, and so we can conclude using (3). 

(5) B\eyii\Fi, K'2, K^) = Bieyii\K'^, F2; K^) = 0: these resuhs follow from (1), 
(4) and from the long exact sequence 

Biext°(Fi, i^^; F3) ^ Biext°(Fi, i^^; if3) Biext°(Fi, i^^; iC^) ^ 
^ Bicxti(Fi,if^;F3) ^ Biexti(Fi,i^^;if3) ^ Biext^Fi, i^^; i^^) ^ ... 

Using the exact sequences {) ^ Fi ^ Ki ^ K'^ ^ Q (for i = 1,2, 3), we have the 

long exact sequences 

(4.1.5) 

^ Biext°(i^; , ^^2; K^) -> Biext"{Ki,K2;K3) Bicxt^{Fi, K2; K3) 
^ Biext\K'^,K2;K3) Biext\Ki, K2; K^) ^ Biext\Fi, K2; K3) ... 

, . ^ Biext°(Fi,if^;i^3) ^ Biext°(Fi, ^^2; i^s) -> Biext"(Fi, F2; ^^3) ^ 
^ ■ ■ > ^ Biext\Fi,K!,;K3) -> Biext\Fi, K2; K3) Biext\Fi, F2; K3) ^ ... 

. . ^ Biext"(Fi, F2; F3) Biext°(Fi, F2; ^^3) ^ Biext*'(Fi, F2; if^) ^ 
^ ■ - ' ^Biext\Fi,F2;F3) ^Biext\Fi,F2;K3) ^Biext\Fi,F2;K'3) ... 
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(4.1.8) 

^ Biext°(K[,K^;K3) Biext"{K[, K2; K3) Biext" {K[, F2; K3) ^ 
-^Biext\K[,K!2;K3)^Biext\K{,K2;K3)^Biext\K[,F2;K3) ^ ... 

(4.1.9) 

^ Biext°(X;, if^; F3) ^ Bicxt°(i^; , if^; A'3) ^ Biext°(if( , i^^; iC^) ^ 
^ Biext\x;,7^^;F3) Biext^(i\:;, /sT^; isTa) Biext^ivrj , if^; i^^) ^ ... 

From (3), (5). l4.1.8l and l4.1.9l fresp. (2), (5). l4.1.6l and l4.1.7p we obtain the inclusions 
of categories 

Biext{K[, K2; K3) C Biext{K[,K!^;K'^) 
(resp. Biext{Fi,K2;K3) C Biext(Fi, F2; F3)). 
Using (|4.1.5p we can conclude. 

According to step 1, we can reformulate what we have proved in the following way: 
the group Biext^(isri, K2; K3) is isomorphic to the group of applications 

$ : Vz (g) M^z — > Zi 

such that $c ■ Vc^Wc Zc satisfies $0(^1,^2) Q F3. Explicitly, the biextension 
of {Ki,K2) by K3 associated via this isomorphism to the application <i> : Vz(^Wz 
Zz, is the following one: by step 1, a biextension of {K[,K2) by K3 consists of 
the trivial biextension Vc x Wc x Zc of (Vc, Wc) by Zc, two of its triviahzations 
(t>i ■■ Vz Wc ^ Zc and (j)2 ■ Vc <^ Wz ^ Zc, where 0i : Vfc (g) Wc ^ Zc [i = 1, 2) 
is a bilinear application, and a morphism $ : ® Wz Zz compatible with 
the triviahzations i.e. $ = </)i — <^2- According to step 2, this biextension of 
{K[, K'2) by K'3 comes from a biextension of {Ki, K2) by K3 if (j)2 : Fi® Wc Zc 
and : Vc (g i^2 ^ Zc are such that $c = 0i ^ 02 (^1, ^2) C F3. 
In other words the biextension (S, ^1,^*2, A) of (ifi,i4r2) by K3 associated to the 
application $ : Vz®Wz Zz is defined in the following way: the trivial biextension 
Vc X Wc X Zc of (Vc, Wc) by Zc, its triviahzations 
(4.1.10) 

^'i : {Vz ® i^i) X Wc — > Zc, {vz © /i, Wc) ^ 4>i{vz, wc) + 02(/i, wc) 
4'2 : X (Wz ® F2) — > Zc, (wc, Wz © /2) 02(wc,wz) + 01 (wc, /2) 

and the morphism A = 01 — 02 : Vz © Wz — > Zz- 

Step 3: In order to conclude we apply what we have proved in step 2 to the 
complexes [Tz(Mi) © FOTc(Mi) ^ Tc(Mi)] (for z = 1, 2, 3): in fact 

• for each 1-motive Mi we have the quasi-isomorphisms 

Tz(M,)©FOTc(M,) X, 
i i 

• the only non trivial condition to check in order to prove that <I>c : Tc(Mi)© 
Tc(M2) Tc(M3) respect the Hodge filtration F* is 

$c(F°Tc(Mi) © F"Tc(M2)) C fOTc(M3). 

□ 

Proof of Proposition \4.1.1\ Recall that by (G.A.G.A) 
(4.1.11) BieKt\Ai,A2;Y3{l)) = Biext\AT\Al^;Yi^{l)). 
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We first prove the injectivity. Let {B, 5*1, '52, A) be a biextension of {Mi, M2) by M3 
and let B be the biextension of (^1,^2) by ^3(1) corresponding to B via the equiva- 
lence of categories described in [B08j Theorem 2.5.2. Suppose that [B., 5*1, ^'2, A)™ 
is the trivial biextension of (Mf^jMI") by M|". According to (|4.1.1ip the biex- 
tension B is trivial, and so because of [B08| Theorem 2.5.2 also the biextension 
B is trivial. Hence the biextension {B, ^'i, 5*2, A) is defined through the biadditive 
applications ^'i : Xi x G2 ^ G3, ^'2 : Gi x X2 ^ G3 and A : Xi x X2 X3. By 
hypothesis these applications are zero in the analytic category, and therefore they 
are zero. This prove the injectivity. 

Now let (;B, 'Pi, ^'2, A) be a biextension of (A/f",M|'') by M|" satisfying the con- 
dition of this lemma. We have to prove that it is algebraic. Clearly the application 
X : Xi X X2 — > X3 is algebraic. By ()4.1.1ip and the equivalence of categories de- 
scribed in [B08j Theorem 2.5.2, the biextension B of (Gi, G2) by G3 is algebraic. In 
order to conclude we have to prove that also the trivializations ^'i : Xi x G2 G3 
and ^'2 : Gi x X2 G3 of S are algebraic. But this is again a consequence of 
(G.A.G.A).n 

Denote by MTLS the category of mixed Hodge structures. Recall that a mor- 
phism (i7z, W*,F*) (i?^, W*,F*) of mixed Hodge structures consists of a mor- 
phism fz: Hz^ H'^ such that /q : Hz ® Q Q and /c : i?z C ^ i?^ ® C 

are compatible with the weight filtration W* and the Hodge filtration F* respec- 
tively. 

Theorem 4.1.3. Let Mi (for i = 1,2,3^ be a 1-motive over C and let TH(Mi) = 
(Tz(Mi), W*, F*) be its Hodge realization. We have that 

Biexti(Mi,M2;M3) ^ Hom^^s (Th(Mi) ® TH(Af2), TH(Af3)) . 

Proof. By Lemma l4X2l we can identify the elements of Biext^Aff", M|"; M|") 
with applications $ : Tz(Afi) ® Tz(Af2) ^ Tz(Af3) such that $c : Tc(Afi) (g) 
Tc(Af2) Tc(A/3) is compatible with the Hodge filtration F*. Then Propo- 
sition |4TTT] furnishes a bijection between Biext^(Afi, M2; Af3) and the set H of 
applications 

$ : Tz(Afi) (g) Tz(Af2) TziMs) 
having the following properties 

(a): $c : Tc(Mi) (g) Tc(A/2) TciM^) is compatible with the Hodge filtra- 
tion F*; 

(5): the restriction of $ to W_i(Tz(Afi)) (g) W_i(Tz(Af2)) ^ W_i(Tz(Af3)) 
comes from a morphism Gr_i(Tz(Afi))(gGr_i(Tz(Af2)) Gr_2(Tz(Af3)) 
i.e. $ is compatible with the weight filtration W*. 

But by definition of morphisms in the category AiHS, the set H is nothing else as 
the group HomA^,^5(TH(Mi) ® TH(Af2), TH(Af3)) ■ □ 

4.2. Construction of the £-adic realization of biextensions. Let S be the 

spectrum of a field k of characteristic embeddable in C. Let Mi = {Xi, Ai,Yi{l), 
Gi,Ui) (for i = 1,2,3) be a 1-motive over k. We write it as a complex [Xi^^Gi] 
concentrated in degree and 1. For each integer n > 1, let [Z— ^Z] be the complex 
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concentrated in degree -1 and 0. Consider the Z/ nZ -module 

Tz/nz{M,) = H°(M,®^Z/nZ) 

= |(a;,.g) e Xi x \ Ui{x) = ^ l^{nx,u{x)) \ x e X^j. 

Proposition 4.2.1. To each biextension (;B, ^i,^2,A) of {Mi, M2) by is as- 
sociated a morphism 

Tz/„z(Mi) ® Tz/„z(A/2) ^ T^/uM). 

Proof. Consider a biextension *i,5'2,A) of (MijMa) by M3 and for i = 1,2 
let TTii be an element of T^z/nz{^i) represented by {xi,gi) with Ui{xi) — ngi. The 
morphism A : Xi x X2 — > X^ gives an element A(xi, X2) of X3. The trivializations 
^'i, ^'2 furnish two isomorphisms ai and 02 from the biextension S®" to the trivial 
torsor G3: 

^2 : )3f"g^ = Bg^,ng2 ^ I3gi,u2ix2) — ^Ga. 

Let 

(4.2.1) 02 = (/)(toi,TO2) + ai. 

The element 0(mi,m2) of G3 doesn't depend on the choice of the {xi,gi) for i = 

1.2. Because of the compatibility of U3 o A with the trivialization (ui, ic?x2)*^2 = 
(idxi , 1*2)*^!, we observe that U3(A(xi , a;2)) — n 0(7711,7712). Starting from the 
biextension (S, 5*1, '52, A) we have therefore defined a morphism 

$:Tz/„z(Mi)®Tz/„2(M2) Tz/nziMs) 

(7711,7772) I — > (A(a;i,a;2),(/)(77ii,m2)). 

□ 

Recall that the ^-adic realization T^(Mi) of the 1-motive Mi is the projective limit 
of the Z/rZ-modules T^^/i^^iM,) ( [D74] (10.1.5)). Using the above proposition, to 
each biextension of (Mi, M2) by M3 is associated a morphism T£(Mi) (g) T^(M2) ^ 
T£(M3) from the tensor product of the £-adic realizations of Mi and M2 to the 
£-adic realization of M3. 

4.3. Construction of the De Rham realization of biextensions. Let S be the 

spectrum of a field k of characteristic embeddable in C. Let d (for i = 1, 2) be a 
smooth commutative fc-algebraic group. Let E be an extension of Gi by G2. We can 
see it as a G2-torsor over Gi endowed with an isomorphism v : pr^E-^rpr^E —ffi*E 
of G2-torsors over Gi x Gi, where ^ : Gi x Gi ^ Gi is the group law on Gi 
and pvi : Gi X Gi "> Gi is the projection (for i — 1,2). A tj-structure on the 
extension i? is a connection F on the G2-torsor E over Gi such that the application 
v is horizontal, i.e. such that F and v are compatible. A [^-extension {E, F) is an 
extension endowed with a t]-structure. 

Let Gi (for i = 1,2,3) be a smooth commutative fc-algebraic group. Let V 
be a biextension of (Gi,G2) by G3. We can see it as G3-torsor over Gi x G2 
endowed with an isomorphism z^i : pr\^V + pr23'P — > (/ii x Id)*V of G3-torsors 
over Gi x Gi X G2 and an isomorphism i>2 ■ prl2V + pri3'P {Id x fJ,2)*'P of 
G3-torsors over Gi x G2 x G2 , which are compatible is the sense of |SGA7| Expose 
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VII (2.1.1) (here : d x d Gi is the group law on d (for i = 1,2), pr-is : 
Gi X Gi X G2 ^ Gi X G2 are the projections on the first and second factor for z = 1, 2 
and prij : Gi x G2 x G2 — > Gi x G2 are the projections on the second and third 
factor for i = 2,3). A l]-l-structure (resp. a l]-2-structure) on the biextension 
is a connection on the Gs-torseur V over Gi x G2 relative to Gi x G2 ^ G2 
(resp. Gi X G2 ^ Gi), such that the applications and 1/2 are horizontal. A 
tj-structure on the biextension is a l]-l-structure and a l]-2-structure on V, 
i.e. a connection F on the Gs-torsor V over Gi x G2 such that the applications i^i 
and 1^2 are horizontal. A l]-biextension {V, T) is an biextension endowed with a 
tj-structure. The curvature i? of a tj-biextension {V, T) is the curvature of the 
underlying connection F: it is a 2-form over Gi x G2 invariant by translation and 
with values in Lie (G3), i.e. an alternating form 



R : (^Lie(Gi) X Lie(G2)j x (^Lie (Gi) x Lie (G2) j — >Lie(G3). 

Since the curvature of the connection underlying a [^-extension is automatically 
trivial, the restriction of R to Lie(Gi) and to Lie(G2) is trivial and therefore R 
defines a pairing (called again "the curvature of (T'jF)") 

(4.3.1) T : Lie (Gi) Lie (G2) — > Lie (G3) 

with R{gi +g2,g[ +92) = ^(51,^2) - T{g[,g2). 

Let Ki = [Ai — > Bi] (for i — 1,2,3) be a complex of smooth commutative 
groups. A tj-biextension of {Ki,K2) by is a biextension of {Ki,K2) by K3 
(see definition ll.l.ip such that the underlying biextension of (Bi,B2) by B3 is 
equipped with a [^-structure and the underlying trivializations are trivializations 
of l]-biextensions. The curvature i? of a t]-biextension of {Ki,K2) by K3 is 
the curvature of the underlying t]-biextension of {Bi,B2) by -B3, or the pairing 
T : Lie (Bi) (g) Lie {B2) Lie (B3) defined by it. 

Lemma 4.3.1. Let Gi (for i ^ 1,2) be an extension of an abelian k-variety Ai by 
a k-torus Ti. Each extension of Gi by G2 admits a \\-structure. 

Proof. From the exact sequence ^ G; ^ — > 0, we have the long exact 

sequences 

^ Honi(Gi, r2) -> Honi(Gi, G2) -> Hom(Gi, ^2) -> 
^Ext\Gi,r2) ^Exti(Gi,G2) ^Exti(Gi,^2) 

^ Hom(Ai, r2) Hom(Gi, r2) Hom(Ti, T2) ^ 
^Exti(Ai,r2) ^Exti(Gi,T2) ^Exti(Ti,T2) 

According [S60j 7.4 Corollary 1, the group of extensions of Gi by A2 is a torsion 
group and so modulo torsion, from the first long exact sequence we have the sur- 
jection Ext^(Gi, T2) Ext^Gi, G2). Since Ext^(ri, r2) = 0, from the second long 
exact sequence we get a second surjection Ext^(Ai,T2) — *■ Ext^(Gi,r2)- Therefore 
after the multiplication by an adequate integer, each extension of Gi by G2 comes 
from an extension of the underlying abelian variety Ai by the underlying torus T2. 
Since the multiplication by an integer for extensions can be viewed as a push-down 
or a pull-back, and since each extension of an abelian variety by a torus admits a 
tl-structure, by pull-back and push-down we get a tj-structure on each extension of 
Gi by G2. □ 
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Let Mi = [Xi^^Gi] (for i — 1,2,3) be a l-motive over fc. The De Rham 
realization TdR(Afi) of Mi is the Lie algebra of G\ where m\ = \Xi G\] is the 
universal vectorial extension of Mi (see |D74j (10.1.7)). The Hodge filtration on 
TdR(M,) is defined by F"TdR(Mi) = ker(LieGS ^ LieG^). 

Proposition 4.3.2. Each biextension (;B, ^i,^2,A) of {Mi,M2) by AI3 defines 
a biextension {B\'i'\,'^\, X^) of {M^,M2) by M^ which is endowed with a unique 
^-structure. 

Proof. Let (i3,*i,*2,A) be a biextension of {Mi,M2) by M3. The proof of this 
proposition consists of several steps. 

Step 1: Proceeding as in [D74] (10.2.7.4), in this step we construct a tj-structure 
on the biextension of (M^jM^) by M3 which is the pull-back of the biextension 
(B, 5*1, '52, A) via the structural projection M^ — > Ali for i = 1,2. For each point 
gi of Gi , Bg-^^ is an extension of G2 by G3 , which admits a t]-structure according to 
Lemnia l4.3.1l Let G^^ be the set of [^-structures on Bg^ . Since two [^-structures differ 
by an invariant form on G2, Gg^ is a torsor under Lie (G2)*. The sets {GgjjgjgCj^ 
are the fibers of a Lie (G2)*-torsor G on Gi. Moreover the Baer'sum of []-extensions 
endowed G with a structure of extension of Gi by Lie (G2)*. We lift the morphism 
Ml : Xi — > Gi to u[ : Xi G in the following way: to each xi £ Xi we associate the 
trivial connection of the trivialized extension Bu-i^(^xi} - Hence we get a []-2-structure 
on the biextension of ([u- : Xi —>■ G], M2) by M3 pull-back of {B, 'E'2, A) via [u- : 
Xi C] Ml. By the universal property of M^ we have a unique commutative 
diagram 

^ i^"TdR(Mi) ^ M^ ^ Ml ^0 

i ^' i 

^ Lie(G2)* ^ K:Xi — > C] Mi ^0. 

If we take the pull-back via v, we have a [l-2-structure on the biextension of {M^, M2) 
by M3. Then taking the pull-back via the structural projection M2 we obtain 

finally a []-2-structure on the biextension of {M^ , AI2 ) by M3 . Symmetrically we 
get a []-l-structure on this biextension of {M^, m\) by M3 and hence a [^-structure. 
Step 2: In this step we show that any biextension of {m\, M^) by M3 is canonically 
the push-down via m\ — > M3 of a biextension of (M^^,M2) by M3. In this way 
we get a [^-structure on the biextension of (M^f , Mj) by M3 whose push-down is the 
biextension of {M\, M^) by M3 of step 1 coming from (B, 'E'l, ^'2, A). By definition 
of the de Rham realization, for i = 1,2,3 we have the following diagram 



T t T 

^ G, Mi ^ Xi ^0 

T t = 

^ G'^ -> m} Xi®k ^0 

T t 

^ f^" n W_iTdR(M,) -> f^"TdR(M,) ^ n GroTdR(M,) ^0 

T T T 

000 
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where is the universal extension of d. Since GroTdR(Afi) ~ GroTdR(Af]'), 
in order to show that each biextension of {m\,m\) by M3 hfts to a biexten- 
sion of (Af-pjMj) by M\ we can restrict to the step W^i, i.e. to prove that 
Biext(G'j, G2; G3) = Biext(G'j, G2; G3). From the short exact sequences 
F'^TdK(M'i) ^ G3 Ga — > 0, we get the long exact sequences 

^ Biext°(Gi, G'2; F"TdR(Af3)) ^ Biext°(Gi, G^; G\) -> Biext°(G'i, G^; G3) ^ 
-> Biext^(Gi, G^; F^TdRCAfa)) Biexti(Gi, G^; G^) ^ Biext^(Gi, G^; G3) ^ 

^ Ext2(Gi®G^,F0TdR(Af3))) ^ ... 

Since for j = 0, 1 and i — 1,2, Ext-' (G'^, Ga) ~ 0, we have that 

Biext"(G'i, G^; F0TdR(Af3)) = Honi(G'i G'2, F°TdR(Af3)) = 0, 
Biexti(G'i, G^; F"TdR(Af3)) = Honi(G'i, Ext^ (G^, F"TdR(Af3))) = 0, 
Ext2(G;®G^,F°TdR(Af3))) - Ext2(G'i,RHoni(G'2,F"TdR(Af3))) = 0, 

(the second equivalence is due to [SGA7| Expose VIII 1.4 and the third one is due 
to the Cartan isomorphism). Therefore 'Biex.t{G[, G'2', G\) = Biext(G']^, Gj; G3). 
Step 3: To prove the uniqueness of the [^-structure of the biextension of {m\, m\) 
by Afg coming from [B, ^Pi, ^'2, A), it is enough to show that any [^-structure on the 
trivial biextension of {m\, Afj) by m\ is trivial. Since the proof is very similar to 
the one given in |D74] (10.2.7.4) in the case of biextensions of {m\, M\) by we 
don't give it. □ 

Corollary 4.3.3. To each biextension (B, ^fi, 4*2, A) of {Mi, M2) by M3 is associ- 
ated a morphism 

TdR(Afi) ® TdR(Af2) TdR(Af3). 
Explicitly, this morphism is the opposite of the curvature T : Lie(G5) (E)ljie{G\) 
Lie(G^) of the ^-biextension of{M\,M\) by mI induced by {B,^i,^2,X)- 

4.4. Comparison isomorphisms. 

Proposition 4.4.1. (1) Over C, the morphism \4.2.l\ can be recovered from the 
morphism \4-l-3\ by reduction modulo n. 

(2) OverC, the morphism \4-S.S\ is the complexified of the morphism \4. 1 ■ S\ 

Proof (1) Recah that by [Ell (10.1.6.2), Tz(A^.)/nTz(Af p ^ T z/„z(Af,) for 
I = 1, 2, 3. So the assertion follows from the confrontation of (|4.1.10p and (|4.2.ip . 
(2) We proceed as in [D74] (10.2.8). Let {B, ^'1,^2, A) be a biextension of (Afi, Af2) 
by Af3. It defines a t]-biextension {B\'i'\,'ifl, X^) of (Af^ , Af^) by (see Proposi- 
tion 14X21) and a biextension (i3, ^-2, A)^" of ([Tz(Afi) ® FOTc(Afi) ^ Tc(Afi)], 
[Tz(A^2)®F0Tc(Af2) ^ Tc(A^2)]) by [Tz(A^3)©F0Tc(Af3) ^ Tc(A^3)] (see Propo- 
sition [UTTl]) . In the analytic category, the tj-biextension {B\'^\,'i/\, X''^) defines a 
tj-structure on the biextension (B, Vl/i, ^1/2, A)*^"^. A tj-structure on (B, ^'i, ^'2, A) is 
in particular a connection on the trivial biextension B of (Tc(A/i), Tc(Af2)) by 
Tc(Af3) i.e. a field of forms Tti^tiit'i + ^2) '^^ tbe trivial Tc(Af3)-torseur over 
Tc(Afi) X Tc(Af2). By definition, this connection defines a [^-structure on B if and 
only if it is compatible with the two group laws underlying B, i.e. if and only if 

^ti,t2{t'l +4) = 71(^1,^2) +I2{t[,t2) 
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with 71 and 72 bilinear. Moreover in order to have a [^-structure on {B, 'Si, 5*2, A)™ 
we have to require that the connection Tt-^^t2iti +^2) the triviahzations 'Si and 
^'2 are compatible, i.e. ^'i and ^'2 have to be horizontal, and this happens if and 
only if -fi — — for i = 1,2. The curvature of the connection Tti.t2 {t'l + t'2) is the 
field of 2-fornis: 

dV = Rt,,t2 {t[ + t^, t'{ + t'i) - r^. {t'l + t'i) - Tri^q (t'l + ^2) 

= 7l(t'l,<2) +72(t'i',<i) - bi{t'lA)+^2{t[,t'i)] 

= niAA) -72(^1,^2) - [71(^1, 4) -72(^1,4)] 

Hence the curvature T : Tc(Mi) ® Tc(A/2) — > Tc(M3) of the [j-biextension 
{B, *i, *2, A)^" (see (gXU) is the form 

□ 



4.5. Compatibility w^ith the category of mixed realizations. Let S be the 

spectrum of a field k of characteristic embeddable in C. Fix an algebraic closure 
k of k. Let AiTZz{k) be the integral version of the neutral Tannakian category over 
Q of mixed realizations (for absolute Hodge cycles) over k defined by Jannsen in [j] 
I 2.1. The objects of M-TZz{k) are families 

where 

• is a mixed Hodge structure for any embedding cr : —> C of A: in C; 

• -^dR is a finite dimensional A:- vector space with an increasing filtration W* 
(the Weight filtration) and a decreasing filtration F* (the Hodge filtration) ; 

• Ng is a. finite-dimensional Q^-vector space with a continuous Gal(fc/fc)- 
action and an increasing filtration W* (the Weight filtration), which is 
Gal(/c/A:)-equivariant, for any prime number £; 

• IcrAK : Nc i^iQ C ^ NdB. <8ife C and I-^^e ■ (8)q Ni are comparison 
isomorphisms for any ^, any a and any extension of a to the algebraic 
closure of k\ 

• £cr is a lattice in such that, for any prime number the image Ca®'^i of 
this lattice through the comparison isomorphism J^/ is a Gal(/c//c)-invariant 
subgroup of {La is the integral structure of the object N of MTZz{k)). 

Before to define the morphisms of the category MTZz{k) we have to introduce the 
notion of Hodge cycles and of absolute Hodge cycles. Let N = {{Na, £ct), A^dR, Ni, 
Iu,dR, Ia,e)i,a,a bc an object of the Tannakian category MTZz{k). A Hodge cycle 
of N relative to an embedding : /c ^ C is an element {xa,XdR,xi)£ of N^ x 
^dR X Tie -^t such that Ia,dB.{xa) = XdK, Ia,i{xa) = xi for any prime number (. and 
a^dR G F^A'^dR n WoA^dR- An absolute Hodge cycle is a Hodge cycle relative to every 
embedding ct : /c — > C. By definition, the morphisms of the Tannakian category 
A4Tli,{k) are the absolute Hodge cycles: more precisely, if N and N' are two objects 
of MTZz{k), the morphisms Hom {H, H') are the absolute Hodge cycles of 
the object Hom (g, H') (see [J] I Definition 2.1 and (2. If)). 
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Since 1-motives are endowed with an integral structure, according to [D74j 
(10.1.3) we have the fuUy faithful functor 

{1 - motives / k} — > MUzik) 

M ^ T(M) = ((T,(M),/:,),TdR(M),T,(A^f),/,,dR,/a.^ka,a 

which attaches to each 1-motive M oi AA{k) its Hodge realization (To-(M), £0-) with 
integral structure for any embedding cr : fc ^ C of fc in C, its de Rham realization 
TdR(M), its £-adic realization (Af) for any prime number and its comparison 
isomorphisms. 

Theorem 4.5.1. Let Mi (i ~ 1,2,3) be a 1-motive over k. We have that 

Hom(Mi, M2; M3) ® Q = Hom^1^,(fc) (T(Afi) ® T(M2), T(M3)) 

Proof. Let (M^)^ = MiigiaC (for i = 1,2, 3). According to CoroUarv liTSl the biex- 
tensions of {{Mi)„, (M2)<t) by (Ms)^ are bilinear morphisms T^iMi) ® T^(Af2) ^ 
To-(M3) in the category AAHS of mixed Hodge structures, i.e. they are rational 
tensors living in 

fl Wo (^T, (Ml ) ® (M2 ) ® Hom^„5 (T, ( Afa ) , (Z) )y 

By Proposition 14.2.11 and Corollary I4.3.3[ biextensions define bilinear morphisms 
also in the £-adic and De Rham realizations and all these bilinear morphisms are 
compatible through the comparison isomorphisms (see Proposition I4.4.T|) . There- 
fore biextensions of 1-motives define Hodge cycles. In |Br| Theorem (2.2.5) Brylinski 
proves that Hodge cycles over a 1-motive defined over k are absolute Hodge cycles 
and so biextensions are Hodge cycles relative to every embedding ct : fc — > C. Since 
biextensions of (Afi,A/2) by M3 are defined over k, the bilinear morphisms they 
define are invariant under the action of Gal(A:/fc). This implies that biextensions 
(A/i, Af2) by M3 are Hodge cycles relative to every embedding u : — > C, i.e. they 
are morphisms in the category MTZj^{k). □ 
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